Abstract. This paper is an introduction to soft cone metric spaces. We define the concept of soft cone metric via soft element, investigate soft converges in soft cone metric spaces and prove some fixed point theorems for contractive mappings on soft cone metric spaces.
Introduction
In 1999, Molodtsov [1] introduced the concept of soft sets as a new mathematical tool for dealing with uncertainties. He has shown several applications of this theory in solving many practical problems in economics, engineering, social science, medical science, etc. Then, Maji et al. [2, 3] studied soft et theory in detail and applied it to decision making problems. In the line of reduction and addition of parameters of soft sets, some works have been done by Chen et al. [4] , Pei and Miao [5] , Kong et al. [6] , Zou and Xiao [7] . Aktaş and Ç agman [8] introduced the notion of soft group and discussed various properties of it. Shabir and Naz [9] introduced the notion of soft topological space. Aygünoglu and Aygün [10] studied soft topological spaces and considered the the concept of soft point. Also, Ç etkin and Aygün [11] studied convergence of soft nets in soft topological spaces. Das and Samanta introduced a notion of soft reel set and number [12] , soft complex set and number [13] , soft metric space [14, 15] , soft normed linear space [16, 17] . Chiney and Samanta [18] introduced the concept of vector soft topology, Das, et al. studied on soft linear space and soft normed space [19] . Güler et al. [20] introduced soft G-metric space.
On the other hand, in 2007, Huang and Zhang [21] introduced cone metric spaces with normal cone as a generalization of metric space. Rezapour and Hamlbarani [22] presented the results of [21] for the case of cone metric space without normality in cone. In recent years, many authors workout on fixed point theorems in cone metric spaces and other generalizations of metric spaces (see [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] ).
In this paper, we introduce a concept of soft cone metric space which is based on soft elements. The plan of this paper is as follows: In Section 2, some preliminary definitions and results are given. In Section 3, we define the concept of soft cone metric according to soft element and described some of its properties. Also, we investigate soft converges in soft cone metric spaces. In Section 4, we prove some fixed point theorems for contractive mappings on soft cone metric spaces.
Preliminaries
Definition 2.1. [1] Let A be a set of parameters and E be an initial universe. Let P(E) denote the power set of E. A pair (F, A) is called a soft set over E, where F is a mapping given by F : A → P(E). In other words, a soft set over E is a parametrized family of subsets of the universe E. For λ ∈ A, F (λ) may be considered as the set of λ-approximate elements of the soft set (F, A).
Definition 2.2.
[2] Let (F, A) and (G, A) be two soft sets over a common universe E.
(a) (F, A) is said to be null soft set, denoted by Φ, if for all λ ∈ A, F (λ) = ∅. (F, A) is said to an absolute soft set denoted byẼ, if for all λ ∈ A, F (λ) = E. (b) (F, A) is said to be a soft subset of (G, A) if for all λ ∈ A, F (λ) ⊆ G(λ) and it is denoted by (F, A)⊆ (G, A). (F, A) is said to be a soft upperset of (G, A) if (G, A) is a soft subset of (F, A). We denote it by (F, A)⊇ (G, A). (F, A) and (G, A) is said to be equal if (F, A) is a soft subset of (G, A) and (G, A) is a soft subset of (F, A). (c) The intersection (H, A) of (F, A) and (G, A) over E is defined as
Clearly, we haveẼ c = Φ and Φ c =Ẽ Definition 2.3. [12, 14] Let A be a non-empty parameter set and E be a non-empty set. Then a function ǫ : A → E is said to be a soft element of E. A soft element ǫ of E is said to belongs to a soft set (F, A) of E which is denoted by ǫ∈ (F, A) if ǫ(λ) ∈ F (λ), ∀λ ∈ A. Thus for a soft set (F, A) of E with respect to the index set A, we have F (λ) = {ǫ(λ) : ǫ∈(F, A)}, λ ∈ A. In that case, ǫ is also said to be a soft element of the soft set (F, A). Thus every singleton soft set (a soft set (F, A) of E for which F (λ) is a sigleton set, ∀λ ∈ A) can be identified with a soft element by simply identifying the singleton set with the element that it contains ∀λ ∈ A.
Definition 2.4. [12, 14] Let A be a set of parameters and R be the set of real numbers and B(R) be the collection of all non-empty bounded subsets of R. Then a mapping F : A → B(R) is called a soft real set, denoted by (F, A). If specifically (F, A) is a singleton soft set, then after identifying (F, A) with the corresponding soft element, it will be called a soft real number. The set of all soft real numbers is denoted by R(A) and the set of non-negative soft real numbers by R(A) * . Throughout this paper, we consider the null soft set Φ and those soft sets (F, A) over E for which F (λ) = ∅, ∀λ ∈ A. We denote this collection by S(Ẽ). Thus for (F, A) ( = ∅) ∈ S(Ẽ), F (λ) = ∅ for all λ ∈ A. For any soft set (F, A) ∈ S(Ẽ), the collection of all soft elements of (F, A) is denoted by SE (F, A) .
Also, we use the notationx,ỹ,z to denote soft elements of soft set andr,s,t to denote soft real numbers whereasx,ȳ,z will denote a particular type of soft real numbers such thatr(λ) = r, for all λ ∈ A etc. Forr,s ∈ R(A), r≤s, ifr(λ) ≤s(λ), ∀λ ∈ A,r≥s, ifr(λ) ≥s(λ), ∀λ ∈ A, r<s, ifr(λ) <s(λ), ∀λ ∈ A,r>s, ifr(λ) >s(λ), ∀λ ∈ A.
Proposition 2.5. [14] (a) For any soft sets (F, A) , (G, A) ∈ S(Ẽ), we have (F, A)⊂ (G, A) if and only if every soft element of (F, A) is also a soft elements of (G, A). (b) Any collection of soft elements of a soft set can generate a soft subset of that soft set. The soft set constructed from a collection B of soft elements is denoted by SS(B).
(c) For any soft set (F, A) ∈ S(Ẽ), SS(SE (F, A)) = (F, A); whereas for a collection B of soft elements, SE(SS(B)) ⊃ B, but, in general, SE(SS(B)) = B.
Definition 2.6. [19] Let E be a vector space over a field K and A be a parameter set. Let (F, A) be a soft set over E. Now (F, A) is said to be a soft vector space or soft linear space of E over K if F (λ) is a vector subspace of E, ∀λ ∈ A. The soft element of (F, A) is said to be a soft vector of (F, A). In a similar manner a soft element of the soft set (K, A) is said to be a soft scalar, K being the scalar field. Let (F 1 , A), (F 2 , A) , . . . , (F n , A) be n soft sets over E. Then (F, A) = (F 1 , A)+(F 2 , A)+· · ·+(F n , A) is a soft set over E and is defined as
Let α ∈ K be a scalar and (F, A) be a soft set over E, then (αF, A) is a soft set over E and is defined as αF (λ) = {αx : x ∈ F (λ)}, ∀λ ∈ A.
A soft vectorx in a soft vector space over E is said to be the null soft vector ifx(λ) = θ, ∀λ ∈ A, θ being the zero element of E. It will be denoted by Θ. Letx,ỹ be soft vectors andα be a soft scalar. Then the additionx +ỹ ofx,ỹ and scalar multiplicationα.x ofα andx are defined by (x +ỹ)(λ) =x(λ) +ỹ(λ) and (α.x)(λ) =α(λ).x(λ), ∀λ ∈ A. Obviously,x +ỹ andα.x are soft vectors of (F, A). Also,0.α = Θ and −1.α = −α, ∀α∈Ẽ andk.Θ = Θ, ∀k∈K. However,kα = Θ does not necessarily imply that eitherk =0 orα = Θ.
Definition 2.7. [17, 19] LetẼ be the absolute soft vector space. Then a mapping · :
* is said to be a soft norm on the soft vector spaceẼ if · satisfies the following conditions:
(N1) x ˜ 0 , for allx∈Ẽ (N2) x =0 if and only ifx = Θ (N3) αx = |α| x for allx∈Ẽ and for every soft scalarα (N4) x +ỹ ˜ x + ỹ for allx,ỹ∈Ẽ
The soft vector spaceẼ with soft norm · onẼ is said to be a soft normed linear space and is denoted by (Ẽ, · , A) or (Ẽ, · ). (N1)-(N4) are said to be soft norm axioms.
Example 2.8. [19] Let R(A) be the set of all soft real numbers. Define · : R(A) → R(A)
* by x = |x| for allx∈R(A), where |x| denotes the modules of soft real number. Then, · is a soft norm on R(A) and (R(A), · , A) is a soft normed linear space. Definition 2.9. [17, 19] Let (Ẽ, · , A) be a soft normed linear space andǫ>0 be a soft real number.
(a) We define the followings;
B(x,ǫ),B(x,ǫ) and S(x,ǫ) are called a open ball, a closed ball and a sphere with centre at x and radiusǫ, respectively. SS(B(x,ǫ)), SS(B(x,ǫ)) and SS(S(x,ǫ)) are called a soft open ball, a soft closed ball and a soft sphere with centre atx and radiusǫ, respectively. (b) Let (F, A) be a soft subset in (Ẽ, · , A). Thenx is said to be an interior element of (F, A)
if ∃ a positive soft real numberǫ such thatx ∈ B(x,ǫ) ⊂ SE((F, A)). All interior elements of soft set (F, A) is denoted by Int(F, A) and SS(Int(F, A)) is said to be the soft interior of (F, A). Definition 2.10. [17, 19] (a) A sequence {x n } of soft elements in a soft normed linear space (Ẽ, · , A) is said to be convergent and converges to a soft elementx if x n −x →0 as n → ∞. This means for everyǫ>0, chosen arbitrarily, ∃ a natural number N = N (ǫ) such that0˜ x n −x <ǫ , whenever n > N i.e. n > N ⇒x n ∈ B(x,ǫ) (B(x,ǫ) is a open ball with centrex and radius ǫ). (b) A sequence {x n } of soft elements in a soft normed linear space (Ẽ, · , A) is said to be a Cauchy sequence inẼ if corresponding to everyǫ>0, ∃ a natural number N = N (ǫ) such that , where A is a finite set of parameters, is convergent i.e. the set of all soft real numbers with its usual modulus soft norm with to finite set of parameters, is a soft Banach space.
Definition 2.12.
[14] Let X be a non-empty set and A be non-empty a parameter set. A mapping
* is said to be a soft metric on the soft setX if d satisfies the following conditions:
The softX with a soft metric d onX is said to be a soft metric space and denoted by (X, d, A) or (X, d). Definition 2.14. [21] (a) Let E be a real Banach space and P be a subset of E. P is called a cone if and only if (1) P is closed, non-empty and P = {θ}, (2) a, b ∈ R, a, b 0, x, y ∈ P ⇒ ax + by ∈ P , (3) x ∈ P and −x ∈ P ⇒ x = θ. (b) For a given cone P ⊆ E, we can define a partial ordering with respect to P by x y if and only if y − x ∈ P . x ≺ y will stand for x y and x = y, while x ≪ y will stand for y − x ∈ intP , where intP denotes the interior of P. (c) The cone P is called normal if there is a number α > 0 such that for all x, y ∈ E, we have θ x y implies x ≤ α y . The least positive number satisfying this inequality is called the normal constant of P . The cone P is called regular if every increasing sequence which is bounded from above is convergent. Equivalently the cone P is called regular if every decreasing sequence which is bounded from below is convergent. Regular cones are normal and there exist normal cones which are not regular.
Then d is called a cone metric on X and (X, d) is called a cone metric space.
Soft Cone Metric Spaces
Definition 3.1. Let (Ẽ, · , A) be a soft real Banach space and (P, A) ∈ S(Ẽ) be a soft subset of E. Then (P, A) is called a soft cone if and only if (1) (P, A) is closed, (P, A) = Φ and (P, A) = SS({Θ}), (2)ã,b ∈ R(A) * ,x,ỹ∈(P, A) impliesãx +bỹ∈(P, A), (3)x∈(P, A) and −x∈(P, A) impliesx = Θ.
Given a soft cone (P, A) ∈ S(Ẽ), we define a soft partial ordering˜ with respect to (P, A) byx˜ ỹ if and only ifỹ −x∈(P, A). We writex≺ỹ to indicate thatx˜ ỹ butx =ỹ, whilex≪ỹ will stand for y −x∈Int(P, A), Int(P, A) denotes the interior of (P, A). (e) regular, if every increasing sequence of soft elements inẼ which is bounded from above is convergent. That is, if {x n } is a sequence of soft elements inẼ such thatx 1˜ x 2˜ · · ·˜ x n · · · for some soft elements inẼ then there isx∈Ẽ such that x n −x →0 as n → ∞. Equivalently, the soft cone (P, A) is regular if and only if every decreasing sequence of soft elements inẼ which is bounded from below is convergent.
Example 3.3. Let R(A) be all soft real number, where A is a finite set of parameters. Let
is a soft Banach space as a result of Theorem 2.11. Let E = R n (A) with (P, A) = SS (x 1 ,x 2 , . . . ,x n ) :x i≥0 , ∀i = 1, 2, . . . , n . Then the soft cone (P, A) is normal, minihedral, strongly minihedral and solid.
In the following we always suppose (P, A) is a soft cone in soft Banach spaceẼ with Int(P, A) = Φ and˜ is soft partial ordering with respect to (P, A). Then, the soft setX with a soft cone metric d onX is called a soft cone metric space and is denoted by (X, d, A).
It is obvious that soft cone metric spaces generalize soft metric spaces. Example 3.6. Every parametrized family of crisp cone metrics {d λ : λ ∈ A} on a crisp set X can be considered as a soft cone metric on the sof setX.
Proof. Letx,ỹ∈X, thenx(λ),ỹ(λ) ∈ X, ∀λ ∈ A. Let us define a mapping d :
is a soft cone metric onX. We now verify the axioms (d1)-(d3) for soft cone metric.
Thus, d is soft cone metric onX.
Example 3.7. Every crisp cone metric ρ on a crisp set X can be extended to a soft cone metric oñ X.
Proof. First we construct the absolute soft set and the soft Banach spaceẼ using the non-empty set of parameters A. Let us define a mapping d : SE(X) × SE(X) → SE(Ẽ) by d(x,ỹ)(λ) = ρ(x(λ),ỹ(λ)), ∀λ ∈ A, ∀x,ỹ∈X. Then, using the same procedure as Example 3.6, it can be easily prove that d is a soft cone metric onX.
The soft cone metric defined using the crisp cone metric ρ is called the soft cone metric generated by ρ.
Remark 3.8. The converse of the Example 3.6 is not true. Though every parametrized family of crisp cone metrics can be considered as a soft cone metric but any soft cone metric is not just a parametrized family of crisp cone metrics. Thus, the soft cone metric is more general and comprehensive than any parametrized family of the crisp cone metrics.
Theorem 3.9. If a soft cone metric space d onX satisfies the following axiom (d4) For (r, s) ∈ X × X and λ ∈ A, {d(x,ỹ)(λ) :x(λ) = r,ỹ(λ) = s} is a singleton set and if for λ ∈ A, d λ :
then d λ is a cone metric on X.
Proof. Clearly d λ : X × X → E is rule that assigns an ordered pair of X to a crisp element e ∈ E with θ e, ∀λ ∈ A. Now the well defined property of d λ , ∀λ ∈ A, follows from the axiom (d4) and the soft cone metric axioms gives the cone metric conditions of d λ , ∀λ ∈ A. Thus the soft cone metric satisfying (d4) gives a parametrized family of crisp cone metrics. With this point of view, it also follows that a soft cone metric, satisfying (d4) is a particular soft cone mapping as defined in [39] , where d :
X×X (E * denotes the set of all e ∈ E with θ e).
Definition 3.10. Let (X, d, A) be soft cone metric space. Let {x n } be a sequence of soft elements inX andx∈X. If for allc∈Ẽ with Θ≪c there is a natural number N such that for all n > N , d(x n ,x)≪c, then {x n } is said to be convergent and {x n } converges tox andx is the limit of {x n }.
We denote this by lim n→∞x n =x orx n →x as n → ∞. Proof. Suppose that {x n } convergesx. For every soft realǫ>0, choosec∈Ẽ with Θ≪c andα c <ǫ . Then, there is a natural number N such that for all n > N , d(x n ,x)≪c. So that when n > N , d(x n ,x) ≤α c <ǫ . This means d(x n ,x) → Θ as n → ∞. Conversely, suppose that d(x n ,x) → Θ as n → ∞. Forc∈Ẽ with Θ≪c, there isδ>0 such that x <δ impliesc −x∈Int(P, A). For thisδ, there is a natural number N such that for all n > N , d(x n ,x) <δ . This means d(x n ,x)≪c. Therefore, {x n } converges tox.
Theorem 3.12. Let (X, d, A) a soft cone metric space and (P, A) be a normal soft cone with normal soft constantα. Let {x n } be a convergent sequence of soft elements inX. Then, the limit of {x n } is unique.
Proof. If possible let there exist a sequence {x n } of soft elements inX such thatx n →x as n → ∞ and x n →ỹ as n → ∞, wherex,ỹ∈X withx =ỹ. Then there is at least one λ ∈ A such that d(x,ỹ)(λ) = θ. We consider a element c λ of crisp Banach space E with θ ≪ c λ satisfying 0 < c λ <
. This is contradicted by the fact that c λ is arbitrary and thereforec is arbitrary. Thus the result follows. Definition 3.13. Let (X, d, A) a soft cone metric space and {x n } be a sequence of soft elements iñ X. If for anyc∈Ẽ with Θ≪c, there is a natural number N such that for all n, m > N , d(x n ,x m )≪c, then {x n } is called a Cauchy sequence inX. Proof. Let {x n } be a sequence of soft elements inX andx n →x as n → ∞. Then, for anyc∈Ẽ with Θ≪c there is a natural number N such that for n, m > N , d(x n ,x)≪c 2 and d(x m ,x)≪c 2 . Hence
Therefore {x n } is a Cauchy sequence.
Theorem 3.16. Let (X, d, A) a soft cone metric space and (P, A) be a normal soft cone with normal soft constantα. Let {x n } be a sequence of soft elements inX. Then, {x n } is a Cauchy sequence if and only if d(x n ,x m ) → Θ as n, n → ∞.
Proof. Suppose that {x n } is a Cauchy sequence. For every soft real numberǫ>0, choosec∈Ẽ with Θ≪c andα c <ǫ . Then, there is a natural number N , such that for all nim > N ,
Forc∈Ẽ with Θ≪c, there isδ>0 such that x <δ impliesc −x∈Int(P, A). For thisδ, there is N such that for all n, m > N , d(x n ,x m ) <δ . So, c − d(x n ,x m )∈Int(P, A). This means d(x n ,x m )≪c. Therefore {x n } is a Cauchy sequence.
Fixed Point Theorems on Soft Cone Metric Spaces
In this section, we prove some fixed point theorems of contractive mappings on soft cone metric spaces. For eachx 0∈X and n ≥ 1, by iteration method, we have a sequence {x n } of soft elements inX by
Letc∈Ẽ with Θ≪c be given and chooseδ>0 such thatc + Nδ(Θ)⊂(P, A), where Nδ(Θ) = SS({ỹ∈Ẽ : ỹ <δ }). Also, choose a natural number N 1 such thatt
Therefore, {x n } is a Cauchy sequence inX. Since, (X, d, A) is a complete soft cone metric space, then existsx * ∈X such thatx n →x * as n → ∞. Choose a natural number 
where0≤t<1 is a soft constant and d (Tx 0 ,x 0 )˜ (1 −t)c. Then, T has a unique fixed soft element in (P, A).
Proof. We prove that (P, A) is complete and Tx∈(P, A), ∀x∈(P, A). Suppose the sequence {x n } of soft elements of (P, A) is a Cauchy sequence in (P, A). Then, {x n } is also a Cauchy sequence inX. By the completeness ofX, there isx∈X such thatx n →x as n → ∞. We have
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Since, 
where0≤t≤1 is a soft constant. Then, T has a unique fixed soft element inX.
Proof. From Theorem 4.4, T n has a unique fixed soft element inX. But, T n (Tx * ) = T (T nx * ) = Tx * , so Tx * is also a fixed soft element of T n . Hence, Tx * =x,x is a fixed soft element of T . Since the fixed soft element of T is also fixed soft element of T n , the fixed soft element of T is unique. d (x 1 ,x 0 )≪c, ∀m ≥ N 1 . Thus, d (x n ,x m )≪c, for n > m. Therefore, {x n } is a Cauchy sequence inX. Since, (X, d, A) is a complete soft cone metric space, there isx * ∈X such thatx n →x * as n → ∞. Choose a natural number N 2 such that d (x n+1 ,x n )≪(1 −t)c 2 and d (x n+1 ,x * )≪(1 −t)c 2 , ∀n ≥ N 2 . Hence, for n ≥ N 2 , we have
Hence, Hence,x * =ỹ * . Therefore, the fixed soft element of T is unique. 
Conclusion
In this paper we introduced the concept of soft cone metric spaces via soft element and we worked the convergence of sequences and Cauchy sequences in such spaces. We also discussed some fixed point theorems of contractive mapping on soft cone metric spaces. There is ample scope for further research on soft cone metric spaces. This paper is a basis to works on the above mentioned ideas.
